Abstract-We present a numerical method for solving a three-dimensional radiation field by decomposing the radiation field into transverse modes that satisfy the free space wave equation and the boundary conditions. The formalism includes betatron oscillations in a realizable wiggler, finite emittance, and energy spread in an amplifier or oscillator configuration. This formalism can be generalized to calculate sidebands resulting from the synchrotron oscillations. The transverse mode spectral method is compared to the finite difference method, spectral method, and transform spectral method. Examples from a computer code using Gaussian-Hermite expansion are given. We show self-focusing of the radiation beam due to gain and refraction of the FEL.
T HREE-dimensional simulations of the FEL gain process will become increasingly important in the design, optimization, and interpretation of FEL experiments. Since the fundamental FEL concepts have been successfully demonstrated, the FEL is now pushing the limits of FEL capabilities in all directions. Due to the increasing complexity of the FEL experiments, simple one-dimensional theory is often not adequate. At the same time, however, the analytical three-dimensional results are only obtainable for a limited number of special operating conditions. The importance of the three-dimensional effects will vary with the experiments. Some examples of the three-dimensional effects that need to be understood are as follows.
1) The transverse electron beam profile is often asymmetric, resulting in the asymmetry of the radiation field. This is most pronounced in the storage rings and circular microtrons.
2) The radiation field varies both in the transverse and axial directions. There is a crucial tradeoff of large filling factors with short Rayleigh lengths and vice versa. The optimal situation varies with the experiments.
3) Betatron oscillations from the wiggler field cause electrons to sample a varying radiation field. Under certain situations, this can cause betatron-synchrotron instabilities.
4) FEL's are pushing toward high gain operation.
Strong self-focusing in a high gain FEL can substantially alter the wavefront properties. A resonator designed with low gain or free space cavity modes most likely is not the optimal design for the high gain FEL operation. The analytical and numerical methods employed in the study of the transverse variation of the wave equation have taken the approaches of the transverse mode spectral method [1]-[5], the transform spectral method [6] , [7] , the spectral method [2], the finite difference method [8] , [9] , and the Lienard-Wiechert potential method [ 101. The different methods refer to the techniques used to evaluate the 0 : A , term in the wave equation where AR is the vector potential of the radiation field. All three kinds of spectral methods involve representing the solution of the radiation field as a truncated series of known functions of the independent variables.
The transverse mode spectral method decomposes the radiation field into a truncated series of a complete set of orthogonal functions which satisfy the free space wave equations with the appropriate boundary conditions. One takes advantage of the transverse mode properties to reduce the wave equation to a set of first-order differential equations.
For the spectral method and the transverse spectral method, the series takes on the form of a transform, and the wave equation reduces to a simple form in the transformed variables, i.e., 0 : A, has an analytical form in the transform space. The transform spectral method requires numerically taking the transform of the driving current. The spectral methods describe the current in terms of the Lagrangian variables, and the current term can be evaluated analytically.
In Section 11, we will outline the transverse mode spectral method in general, i.e., not specifying the form of the transverse modes. This formulation will include slow transverse motion and betatron oscillations of the electrons in the realistic wiggler, finite emittance, energy spread, and self-consistent axial particle dynamics. This method conserves energy. The formalism is extended to the study of sideband formation [l] , [ 2 ] , [ll] , [ 121 formation on a long electron pulse in the FEL oscillator.
In Section 111, we outline the spectral and the transverse spectral methods. The three different spectral methods are compared in this section.
The advantages of the transverse mode spectral method are: 1) free space wave propagation, finite size mirrors, and apertures can be handled analytically; 2) it is easy to include transverse particle motion exactly; 3 ) this method lends itself to analytical and semi-analytical solutions and U.S. Government work not protected by U.S. copyright can provide physical insight for many problems; and 4) the The orthogonality condition is transverse boundary conditions are included automatically in the waveguide mode expansion. (4) In Section IV, we apply the transverse mode spectral method to an example with self-focusing properties. 
C
In this paper, we will consider only the linearly polar-Substituting the expression of the radiation field into the ized wiggler since that is the most common wiggler field. wave equation, and making the slowly varying approxiThe formulation for a circularly polarized wiggler requires mation, we obtain only minor modifications. The realistic magnetic field will be expressed in terms of the vector potential of the wiggler
(1) Multiply both sides of (6) 
define a dimensionless wiggler parameter
The radiation field will be expressed as n(x, Y, z , t) = j ' , dp, sm dp, 1 dp, . D(X, y> z, Px, Py, pz, 9 .
(9) wave equation and the appropriate boundary con-We will define the effective area of the electron beam to ditions, e., be where no = n(x, y , z , t)Imax.
The current density can be defined as
The final form of the wave equation is is the ensemble average, the normalization is 
8, is the mean axial velocity.
B. Particle Dynamics
The mean transverse particle position and momentum, in general, should be integrated along with the axial particle momentum equations. Under certain circumstances, analytical forms for the transverse particle trajectories are sufficient.
Taking the betatron oscillations as an example, the particle motion in the x direction, without any additional external focusing, can be written as
The particle motion in the y direction exhibits betatron oscillations. Taking k,jj << 1, the particle dynamics in 
Equations (12), (16) , and (17) form the self-consistent set of equations for the radiation field and the particle dynamics.
C. Conservation of Energy
We can show that this formulation conserves energy. TO do this, we rewrite (16) in terms of the amplitude of each mode: 
where D = (o,,/8a)(wi/c2)k. The spatial rate of change in the radiation energy is Applying (12) to (22), we can show that the energy is conserved, i.e., the energy gained by the radiation is equal to the energy lost by the electrons plus the energy supplied by the axial dc electric field: 2) When the electron beam and the resonator system are axially symmetrical, and when the betatron oscillations are not included in the model of the linearly polarized wiggler, then the radiation can be assumed to be axially symmetrical. The Gaussian-Laguerre modes are the choice for the expansion, and each term is expressed as 1 = G0,,S, where
and L i is the Laguerre polynomial 3) In a low gain oscillator, the best choice would be the eigenmodes of the resonator cavity [18] including the effects of apertures, finite size mirrors, and resonator losses. The eigenmodes in turn can be written in terms of the appropriate Gaussian-Laguerre or Gaussian-Hermite modes. The advantage of going to the resonator cavity modes is that the losses for the higher order resonator cavity modes increases rapidly with the cavity mode number, such that only a few modes need to be kept in the calculation. In addition, there is no need to calculate the radiation outside the FEL wiggler.
4)
Closed waveguides can be used to confine the radiation beam over a long distance compared to a Rayleigh length. If the waveguide is not rectangular, the vector potentials of the waveguide modes generally have both x and y components. For the analysis presented here, we have to assume that the transverse guide dimensions are large compared to a radiation wavelength. The theory is also restricted to low-order, low-loss modes whose propagation constants k + are nearly equal to the plane-wave value, i.e., Re@/,,) << k . For wavelengths that are comparable to the waveguide diameters or' when multimode analysis is desired, this method has to be modified slightly to include the different frequencies and axial wavenumbers associated with the different waveguide modes. The formulation should be similar to that described in Section 11-F with sidebands.
E. Computation Speed
The cost of computation per axial step is spent mainly for the radiation field 
F. Frequency Sidebands ,and Pulse Slippage
The electron oscillation in the ponderomotive potential well is called the synchrotron oscillation. We define Kso to be the synchrotron wavenumber of the electron traveling exacly along the z axis:
When the intensity of the radiation becomes high, such that the electrons make half a bounce in the wiggler, then sideband frequencies can grow. One-dimensional simulations [ 121 and three-dimensional simulations [ 11, [2] show that the amplitude of the radiation field becomes chaotic and the quality of the radiation field becomes degraded.
In order to understand the effect of sidebands on wavefront curvatures, the three-dimensional formulation is necessary. We assume periodic boundary conditions for the radiation field of length l e b , which is chosen to be many times the amplitude modulation distance and pulse slippage distance. If the length of the electron beam is much longer than le,,, only a section of a long electron beam needs to be modeled. If the electron beam is shorter than le,,, then the whole pulse shape must be included.
The radiation field can be written as leb are the axial location of the electron in the electron
-s, and s = ct(1 + K 2 ) / 2 y i is the pulse slippage distance.
The method described above is straightforward. Since the number of electrons that must be used to model the electron beam with finite emittance and finite length is large, any general numerical method, including this method, requires a considerable amount of computation time. For limited computational resources, it is necessary to form simplified models. This formulation lends itself towards semi-analytical models of finite length electron pulses [l] When the current J, is formulated in Eulerian variables, for the x and y coordinates then the right-hand side of (33) has to be evaluated numerically, and the method is called the transform spectral method. If the current is formulated in Lagrangian variables (xO, yo, px,O, P , ,~, pz,o, $, , ) then ( 3 3 ) can be reduced to
( 3 4 )
The particle dynamics equations (16), (17) are also applicable here. For a Fourier series expansion, one can show that the energy is conserved for the spectral method.
In general, the Eulerian formulation of the current is inferior to the Lagrangian formulation. The Eulerian formulation is not convenient to use for the study of betatron effects because the numerical transforms of (33) require the current to be evaluated at prespecified grids. This problem can be reduced if the number of grids used across the electron beam is large, which in turn requires a larger number of terms in the expansion. For the Hankel trans- form, there is the additional problem of numerical errors resulting from numerical integration with a finite number of grids in an infinite integration domain.
The estimate for the speed of computation for the spectral method has the same form as in Section 11-E. The values for the coefficients a l , a 2 , and a3 depend on the expansion, and are smaller for the Fourier transform and larger for the Hankel transform.
The transverse mode spectral method, in some instances, is better than both the spectral and transform spectral methods because of the following properties. The propagation of the radiation field through apertures and the reflection and transmission of the radiaton field at mirrors can be evaluated in terms of matrix multiplication of the amplitudes of the normal modes. The spectral and transform spectral methods require an additional step in converting the radiation field into Gaussian modes. Finally, the transverse mode spectral method is easier to implement for calculations in complicated waveguide geometries because the boundary conditions are automatically included.
IV. SELF-FOCUSING EXAMPLE AND DISCUSSION A three-dimensional code employing Gaussian-Hermite expansion of the radiation field is applied to a linearly polarized wiggler. The following examples will show selffocusing properties of the FEL's.
The electron beam is assumed to have a Gaussian profile and a radius of 2.25 X cm. The current is 50 A and the energy is 109.6 MeV. The wiggler has a magnetic field B , = 6.3 kG, a period of 2.4 cm, and a length L, = 6 m. The incident 0.5 pm radiation at the entrance of the wiggler is a Gaussian TEMoo mode with a minimim waist wo = 0.06 cm located at z = L,/2 and a power of 5.8 X In this example, the electron beam radius is much smaller than the spot size, i.e., reb << wo. If the radiation has the spot size of the electron beam, its Rayleigh length would be only 32 cm. A plot of the power gain is shown in Fig. 1 . The FEL is operating in the high gain regime, and the radiation saturates at 4 m. io5 w. Fig. 2(a) -(e) shows the radiation amplitude at
150, 300, 450, and 600 cm plotted from -4wo to 4wo in both the x and y plane. In this example, the self-focusing phenomenon is not only due to refraction, but also gain. The peak amplitude in Fig. 2(a) -(e) ,are 4.5 X 1.1 X lop2, 4.6 X 4.1 X lop2, and 2.6 X respectively. At 150 cm, the laser beam is already narrowed down significantly. The corresponding phase front is shown in Fig. 3(a) . The focusing due to the electron beam is manifested by the small mound at the center.
The beam radius remains at roughly the same size from 150 cm to the end of the wiggler. Due to electrons oscillating away from the bottom of the ponderomotive potential well, the radiation loses energy after 4 m. In [13] and [ 141, it was shown analytically that FEL radiation is not only governed by gain and diffraction, but also by refraction when operating in the trapped particle mode. For this case, the resonant phase is at the origin, i.e., sin GR = 0. Even though the radiation is losing energy after z = 4 m, the radiation beam around the electrons still focuses, while the radiation further away from the electrons defocuses, as shown in Fig. 2(e) . This is in qualitative agreement with the theory given by [13] and [14] . Fig. 3(b) shows the focusing properties of the wavefront. It is important that the radiation beam does not defocus when the radiation is losing energy due to the bouncing of the electrons in the ponderomotive potential well.
The FEL radiation does not always undergo focusing, for example, the electron beam could dig a hole in the laser amplitude profile when the FEL is operating with loss in the low gain regime and large frequency mismatch..
Next, we give an example where the center of the electron beam does not travel down the center of the wiggler due to irregularities in the magnetic wiggler field. The center of the electron beam is assumed to execute a slow sinusoidal motion ycntr = reb sin (~z l L , ) . The radiation guiding properties of the e beam are still clearly evident (Fig. 4) . The peak amplitude is 2.4 X lo-'. The motion of the center of the electron beam, however, causes significant distortion of the radiation beam.
In summary, this paper outlines one method of solving the three-dimensional FEL radiation field self-consistently with the electron dynamics. The advantages of this method are: 1) the boundaries in the transverse directions are included automatically; 2) it is easy to incorporate transverse particle motion; 3) free space prapagation, finite size mirrors, and apertures can be handled analytically; and 4) this method lends itself to analytical and semi-analytical solutions.
The disadvantage of this method is the increase in the computation time if a large number of electrons are used in the radial direction, and if a large number of modes are required.
The numerical examples illustrate the self-focusing property of the FEL. Under appropriate conditions, the laser radiation maintains a roughly constant radius radiation beam. We also showed that the irregularities in the wiggler field can cause significant distortion of the radia- 
